Chiral symmetry breaking (ChSB) is reviewed to some extent within the quark-level-linear-sigmamodel (QLLσM) theory and standard chiral perturbation theory (ChPT). It is shown, on the basis of several examples related to the pion, as a well-known Goldstone boson of chiral symmetry breaking, that even the non-unitarized QLLσM approach accounts, to a good approximation, for a rather simple, self-consistent, linear, and very predictive description of Nature. On the other hand, ChPT -even when unitarized -provides a highly distorted, nonlinear, hardly predictive picture of Nature, which fits experiment only at the price of a lot of parameters, and requires a great deal of unnecessary theoretical effort. As the origin of this distortion, we identify the fact that ChPT, reflecting only direct ChSB by nonvanishing, current-quark-mass values, does not -contrary to Quantum Chromodynamics (QCD) and the QLLσM -contain any mechanism for the spontaneous generation of the dynamical component of the constituent quark mass. This leads to a very peculiar picture of Nature, since the strange current quark mass has to compensate for the absence of nonstrange dynamical quark masses. We thus conclude that standard ChPT -contrary to common wisdom -is unlikely to be the low-energy limit of QCD. On the contrary, a chiral perturbation theory derived from the QLLσM, presumably being the true low-energy limit of QCD, is expected instead to provide a distortion-free description of Nature, which is based on the heavy standardmodel Higgs boson as well as light scalar mesons, as the source of spontaneous generation of current and dynamical quark masses, respectively.
I. INTRODUCTION
The fundamental laws of physics all respect some exact symmetries. In Nature, however, we are mostly -and fortunately -facing symmetries which are broken. In fact, if the electromagnetic, weak, strong, and gravitational interactions obeyed exactly the same symmetries, the observable world would be a dull place. It is precisely the mismatch between the symmetries respected individually by the different interactions that gives rise to the amazing diversity and beauty of Nature at high, intermediate, and particularly low energies [1] .
In this paper we shall focus on the chiral symmetry underlying the theory of strong interactions, as they interfere with chiral-symmetry-breaking (ChSB) electroweak interactions. For convenience, our attention will be concentrated on observables associated with the gold-plated test particle of ChSB, i.e., the pion [2] , which, being a Goldstone boson, would be massless in the so-called chiral limit (CL), that is, the limit of strong interactions without electroweak interactions.
As will be discussed in more detail below, a convenient quantity to discuss and measure the amount of ChSB in the pion is not only its mass m π , but also the underlying (nonstrange) constituent quark mass m con . The latter can be additively decomposed as m con = m dyn + m cur [3] into a bulk part called dynamical quark mass m dyn associated with chiral-symmetric strong interactions, and a small correction called current quark mass m cur , being nonzero only in the presence of ChSB electroweak interactions. Hence, in the CL we have m π → 0, m cur → 0, m dyn → m CL , and m con → m CL , where m CL may be called chiral-limiting quark mass. Thus, it becomes clear that a self-consistent picture of ChSB will only be achieved through a complete understanding of electroweak and strong interactions, especially their interplay. Unfortunately, and maybe somewhat surprisingly, neither the experimental nor the theoretical situation is even close to settled, despite the seemingly overwhelming success of the present-day standard model of particle physics (SMPP), as we explain next.
In the first place, despite the consensus on the mechanism for generating the tiny up/down current quark masses (∼ 10 1 MeV) in the Lagrangian density of the SMPP, the corresponding heavy scalar (m H > 10 5 MeV), the Higgs boson, remains undetected.
Secondly, there is substantial experimental evidence [1] for the existence of a complete nonet of light (m < 1 GeV) scalar mesons, which can be considered responsible for the dynamical generation of the surprisingly large m dyn (∼ 300 MeV). However, our present mastering of QCD [4] , the commonly accepted theory underlying strong interactions, does not allow to predict the existence of light scalar mesons, not to speak of their multiplet structure and pole positions. But at least one can gain, e.g. on the basis of QCD-inspired variational chiral quark models [5] , Bethe-Salpeter equations (BSE) [6] [7] [8] [9] , or Dyson-Schwinger equations (DSE) [9, 10] , some understanding about the dynamical generation of m dyn , once small ChSB values for m cur are given. Unfortunately, most DSE approaches are Euclidean, whereas it is not clear whether a Wick rotation from Minkowski [11, 12] to Euclidean space will yield identical results.
Finally, chiral perturbation theory (ChPT) (see e.g. Ref. [13] ), the mainstream low-energy effective approach to strong interactions, is only capable of recovering the light scalar mesons when it is unitarized [14, 15] by hand. However, its exact relation to QCD remains unexplained, despite well-known claims made by the large ChPT community. Moreover, ChPT relies upon a strongly distorted picture of Nature, namely based on current quarks, whose masses are at least two orders of magnitude smaller than those of most observed hadrons. As ChPT does not provide any mechanism to generate m dyn , contrary to QCD as well as chiral quark models and BSE/DSE approaches, it is the strange current quark mass, taken at roughly 25 times the nonstrange current mass, which partly has to take over the role of m dyn . This, we believe, is the origin, of, for example, the excessively large strangeness content of the proton predicted by ChPT, and, as discussed below, the unacceptably large value for σs s πN (≃ 10 MeV), which has been measured to be ≤ 2 MeV [16] . Furthermore, an additional and very sizable amount of glue, which logically should already be accounted for in ChPT as the supposed "low-energy limit of QCD", is still needed e.g. to explain the nucleon mass [17] .
The aim of the present paper is to show that there exists an alternative approach to strong interactions, much simpler than ChPT and free from its distortions and shortcomings, yet highly predictive and also intuitively appealing, namely the quark-level linear σ model (QLLσM). The original LσM, with nucleons instead of quarks as the fermionic fields, had been suggested by Schwinger [18] , and was then proposed by Gell-Mann and Lévy [19] as the preferable model for strong interactions featuring spontaneous ChSB, in particular respecting partial conservation of axial-vector currents (PCAC). On the other hand, in the same epoch Nambu and JonaLasinio (NJL) [20] presented a nonrenormalizable model for the pion, originally encompassing (anti)nucleons but straightforwardly extensible to quarks, which was based on dynamical ChSB. Then, the LσM was generalized to quarks by Lévy [21] and Cabibbo & Maiani [22] . Finally, Delbourgo and Scadron [23] managed to dynamically generate the QLLσM self-consistently in one-loop order, which considerably increased its predictive power. For instance, the famous chiral-limiting NJL result m σ = 2m CL is reproduced, i.e., in the chiral limit the mass of the lightest scalar meson equals twice the dynamical quark mass, with the pion being massles, of course, in the same limit.
Clearly, the simplicity and linearity of the QLLσM is owing to the inclusion of the σ meson, now experimentally confirmed [1] , as an elementary field being the chiral partner of the pion [24, 25] whereby in loop order both are self-consistently recovered as 0 −+ and 0 ++states, respectively. In contrast, ChPT requires unitarization, i.e., infinite order, to resuscitate the σ [14, 15] . As we shall demonstrate through several examples, the QLLσM is doing a much better job, even without unitarization, in reproducing a large variety of low-energy observables than ChPT, with only a tiny fraction of the effort needed. Finally, we shall present arguments why the QLLσM may even constitute a full-fledged, asymptotically free theory of strong interactions.
In the present paper, we shall pass in review the mechanism of ChSB for a variegation of low-energy observables and relations, employing the QLLσM as compared to standard ChPT, namely: pion and nucleon sigma terms (Sec. II), meson charge radii (Sec. III), GoldbergerTreiman relations (Sec. IV), Goldberger-Treiman discrepancies (Sec. V), constituent quark mass via baryon magnetic moments (Sec. VI), effective current quark and ChSB pion, kaon, η 8 masses (Sec. VII), ground-state scalarqq nonet (Sec. VIII), I = 0 ππ scattering length (Sec. IX), and the process γγ → π 0 π 0 (Sec. X). A summary with discussion and conclusions is presented in Sec. XI.
II. σππ AND σπN CHIRAL BREAKING TERMS
The pion σ term is considered a c-number (tindependent). It is defined at q 2 = t = m 
The analogue πN σ term is defined as [26] 
also taken as a c-number in the 1960's. Both the nonvanishing values of Eqs.
(1) and (2) characterize SU (2) × SU (2) ChSB.
In the language of the LσM, Eqs. (1) and (2) are represented by "nonquenched" (NQ) σ tadpole graphs, shown in Fig. 1 , with LσM couplings 2g σππ = (m
Both tadpole "heads" are generated by the ChSB Hamiltonian (H SS means semi-strong Hamiltonian) implying for an averaged nucleon mass m N = 938.9 MeV and chiral-limiting σ mass m CL σ of 650.8 MeV (see Sec. VIII and Ref. [23] ), predicting an "on-shell" broad σ mass of [27] [28] [29] 
π . The perturbative "quenched" πN σ term found by GMOR [30] , or via the APE collaboration [31] , is about
so the net πN σ term in the LσM is the sum
While the Adler-Weinberg [32, 33] πN low-energy theorems have large background terms, the Cheng-Dashen (CD) [34] theorem at t = 2m 2 π has a very small background term (for the isospin-even πN amplitude), viz.
as measured by Koch and Höhler [35] , corresponding to (for f π ≃ 93 MeV)
where the small O(m π . Or instead one can work in the infinite-momentum frame (IMF), which suppresses the tadpoles and predicts [36] (requiring squared baryon masses with cross term 2m N σ πN ) However, ChPT leads to a more complicated scheme. By 1982, the review by Gasser and Leutwyler preferred σ πN ≃ 24 to 35 MeV [37] . In 1984, their revised ChPT [38] ruled out some LσM in Appendix B ". . . as a realistic alternative to QCD . . .", and the "scalar form factor" ChPT scheme of 1990 [39] used doubly-subtracted dispersion relations (adding 6 new paramters) via a low-massHiggs decay H → ππ, yet to be measured. Then, in 1991, ChPT obtained [40] a non-c-number πN σ term with
and a larger πN σ term at t = 2m 2 π of 60 MeV as (HOChPT stands for "higher-order ChPT") [41] (in MeV)
because the latter "three pieces happen to have the same sign as σ GMOR πN " [41] . Note that the σs s πN term has been measured as ≤ 2 MeV [16] . Such a "happening" suggests that ChPT in Eq. (10) is physically less significant and much more complicated than Eqs. (5), (7), or (8) above.
III. MESON CHARGE RADII
Using vector and axial-vector form factors, the PDG tables on pages 499 and 621 of Ref. [1] state that the pion and kaon charge radii are measured as
In fact, the vector-meson-dominance (VMD) and LσM schemes give nearby values [42] (withm
Note thatm CL ≃ 313 MeV as we shall point out later in Sec. VI. Then theqq pion is very tightly bound, almost a fusedqq meson. Moreover, on page 498 of Ref. [1] , the pion vector and axial-vector form factors are observed at q 2 = 0 as 
Using f π ≃ 93 MeV, the theoretical CVC estimates of these form factors are [43] (see also Ref. [42] )
reasonably near the data in Eqs. (17) and (18). Sakurai's [44] vector-meson-coupling universality (VMU) [45] suggests g ρ ≈ g ρππ ∼ 6, whereas the LσM predicts [46] that VMU receives a correction of 1 6 g ρππ via the mesonic πσπ loop, giving
close to the data [1, 42] g ρππ ≃ 5.95 , g ρ ≃ 4.96 .
These couplings in (22) follow from the newly measured decay rates [1] Γ(ρππ) = 150.3 MeV and Γ(ρee) = 7.02 keV (neglecting errors), as in Eqs. (11) and (12) of Ref. [42] . Although VMD and the LσM reasonably match charge-radii data, the one-loop-order ChPT prediction gives [47] 
which does not uniquely predict data, since L 9 is a ChPT low-energy-constant (LEC) parameter. Whereas ChPT does not explain the pion or kaon charge radii, the LσM continues to match data.
Furthermore, two-loop ChPT [48, 49] suggests that the pion scalar-form-factor radius obeys 
This value is debated [50, 51] as
We in turn claim that the average of Eqs. (24) and (25) is 75% greater than the square of the VMD and LσM pion charge radius values in Eqs. (13) and (14), the latter two being compatible with data in Eq. (11) . Moreover, the scalar-form-factor basis of Eqs. (24) and (25) (26) would hold. From Eq. (40) in the upcoming Sec. V, we know that, to a good approximation,
This would imply, in combination with Eq. (26) and r
which is clearly in strong conflict with the ChPT results Eqs. (24) and (25) . In order to extend the LσM to SU (3), the K + → e + νγ form factor sum is measured, according to page 621 in Ref. [1] , as
The SU (3) LσM pole terms add up to [42, 52 ]
compatible with data in Eq. (29) . The quark-loop prediction for the pion charge radius was initially found in Refs. [53] via quark (and meson) loops in a LσM framework, but not via ChPT. The above-measured vector and axial-vector form factors in Eqs. (17), (18), and (29) have not been extended to the mentioned ChPT scalar form factors, as was suggested in deriving Eq. (9), and will be suggested in Eqs. (43) and the nonlinear a 00 in Secs. V, IX, respectively.
IV. GOLDBERGER-TREIMAN RELATIONS
First we note that the pion-quark coupling in the QLLσM is [23] g πqq = 2π/ √ 3 ≃ 3.6276, also following from infrared QCD [54] and the Z = 0 compositeness condition [55] . Then the pion Goldberger-Treiman relation (GTR) gives the nonstrange constituent quark mass as
The nonrelativistic quark model predicts [1] , via magnetic dipole moments (see Sec. VI, Eq. (57)), practically the same value, viz.
MeV following from the kaon [1, 56] mass difference or the Σ − − Σ + baryon mass difference, yielding the constituent masses
As for the strange quark, the data ratio for
Then the kaon GTR
giving the ratio
a second test of g = 2π/ √ 3 (Eq. (31) being the first test). Alternatively, from Eq. (32) with f π ≃ 93 MeV,
very close to Eq. (35), a third test of g = 2π/ √ 3. ChPT appears not to alter these GTRs, nor does so PCAC, even though both were first obtained theoretically via the LσM (not with quarks, but nucleons as fermions [19] ). Recall that ChPT rules out some kind of LσM in Appendix B of Ref. [38] , which is an indirect mark against ChPT, because our GTR-LσM chiral scheme in Eqs. (31)- (39) above is a close match with data.
V. GOLDBERGER-TREIMAN DISCREPANCIES
A once-subtracted dispersion relation (containing no additional parameters) predicts (for f π = (92.42 ± 0.26) MeV [1] ) the q 2 variation of f π as [57] 
The dominant 2.79% O(m 2 π ) term in Eq. (40) was first obtained in Refs. [58] . The smaller 0.05% O(m 4 π ) term was found in Ref. [29] , having been anticipated numerically in Ref. [57] . In any case, Eq. (40) is a Taylor series in m 2 π , m 4 π , needing only two terms. Alternatively, we invoke data to explain the GT discrepancy as [27] [28] [29] 
, and g πN N = 13.17 ± 0.06 [59] . Prior 1971 measurements gave g πN N ≃ 13.40 and ∆ ≃ 3.8 %. The analysis of Sec. II yields
All of the above analyses suggest a 3% chiral-breaking effect.
However, the ChPT scalar form factors predict 
Even though there is a two-loop debate as to how ChPT should proceed, none of these 6.7%, 7.2%, 8.2% predictions (based on scalar form factors) are near the 3% chiral-breaking model-independent predictions of Eqs. (40), (41), or (42) .
VI. CONSTITUENT QUARK MASS VIA BARYON MAGNETIC MOMENTS
The nonrelativistic valence (V) quark model has axialvector spin components of the nucleon [61] 
with total spin Σ V = ∆u V + ∆d V + ∆s V = 1. Although ∆u − ∆d ≈ 1.27 [1] is about 30% lower than the valence value from Eq. (44), good valence predictions from the nucleon magnetic moments (m.m.) stem from [61] 
predicting the ratio 
for ∆u V −∆d V = 5/3, nearm ≈ m p /µ p ≈ 336 MeV, and near the GT mass in Eq. (31), or the anticipated m.m. quark mass in Eq. (32) . As a matter of fact, assuming ∆s = 0, the sum µ p + µ n predicts a larger valuem ≈ 355.6 MeV, which reduces to Eqs. (31, 32) only if there is a slight strangeness component in the nucleon, viz.
This result is compatible with recent data [16] finding −∆s ≤ 6%. In a similar manner, the Σ to N m.m. valencedifference ratio is predicted as
(51) only 4% higher than the observed [1] difference ratio 0.769. Moreover, the present β-decay value [1] ∆u − ∆d = g A = 1.2695 ± 0.0029 ,
and the λ 8 component found from various hyperon semileptonic weak decays give
(for the empirically determined ratio [62] 
As we shall now see, Eq. (53) requires a slight ∆s = 0, i.e., ∆s = −5.7%. Lastly, adding and subtracting Eqs. (52, 53) leads to [63] ∆u − ∆s ≈ 0.927 , ∆d − ∆s ≈ −0.343 .
Then the latter four equations uniquely predict 
Also, dynamical tadpole leakage is similar in spirit to the QLLσM, but now with axial-vector f 1 (1285), f 1 (1420) mixing [65] . This generates quark spins close to Eqs. (55, 56) , with ∆s = −6.0%, near the values −5.7% in Eq. (53) and −5.4% in Eq. (50) .
Given this consistent pattern of quark spins with approximate average quark mass in Eq. (49) 
whose only positive solution ism con ≈ 337.5 MeV, as anticipated in Eq. (32) . The latter is near Eq. (49), nearer still to m p /µ p ≈ 336.0 MeV, and even closer to the GTR quark mass in Eq. (31) . As mentioned in the Introduction, this bulk constituent quark mass can be decomposed into its CL dynamically generated part m dyn and its chiral-broken current-quark-mass component m cur :
Recall that m dyn was first estimated [6] , via quarkdressing and binding equations, as m dyn ∼ 300-320 MeV, or ideally
This scale matches infrared QCD [3, 6, 66 ], for α s ≈ 0.5 at a 1 GeV cutoff,
for −qq ≈ (245 MeV) 3 . Also, from Sec. III, recall that
for VMD pion charge radius r π ≈ 0.63 fm, near data [1] .
As for the ChSB current-quark-mass scale, the ChPT review of 1982 [37] takeŝ
for f π ≈ 93 MeV and −qq ≈ (245 MeV) 3 . Reference [37] implies this relation is due to GMOR [30] , but Eq. (62) and the f π scale are hard to find in GMOR, which focuses instead on the good-bad structure ofqλ i q andqγ 5 λ i q matrix elements [67] . In fact, Ref.
[68] stresses on page 462 that this GMOR SU (3) assumption (leading directly to our Eq. (62)) may not be correct. More recently, Ref. [66] noted that, if Eq. (62) were true and if N |ss|N = 0 (in fact, ∆s ≈ −0.057 is compatible with data [16] ), then it is easy to show that the πN σ term should be in theory
If we follow recent ChPT with [40] σ
ChPT πN = 45 MeV, then the latter equation requires (m s /m) cur ≈ 14.47, and so m s,cur ≈ 80 MeV form cur ≈ 5.5 MeV. "If this were true then a significant fraction of the nucleon's mass would be due to strange quarks -in contradiction with the quark model" [66] . Moreover, such a result would be in conflict with the usual ChPT ratio [37] (m s /m) cur ≈ 25. We shall return to current quarks in the next section.
VII. EFFECTIVE CURRENT QUARK AND CHIRAL-SYMMETRY-BREAKING PION, KAON,
η8 MASSES Following Ref.
[69], we use QCD to express a momentum-dependent dynamical quark mass as
Furthermore, we take the nonstrange constituent quark massm con as 337.5 MeV from Secs. IV,VI and compute the effective current quark mass as (avoiding any goodbad assumptions besides Eq. (62), but keeping the decomposition Eq. (58), and also Eqs. (59-61) )
with δm → 0 whenm con → m dyn in the CL, as one expects for the current quark mass. Note that δm ≃ 68.3 MeV is very near the chiral-breaking σ πN ≃ 63-66 MeV of Sec. II, also as expected! Then for theqq pion, its mass is predicted from Eq. (66) as 
, and takes the pion as a tightly bound |qq Nambu-Goldstone "fused" nonstrange meson (verified via the QLLσM, VMD, and measured meson charge radius in Sec. III). The observed proton charge radius [1] R p = (0.870 ± 0.008) fm suggests the proton is a "touching" quark-pyramid uud state [25] and there is minimal ss N , either from data [16] , phenomenology [71] , or from the magnetic-moment scheme of Sec. VI.
Instead, we return to studying the nonstrange quark massm cur , recalling thatm cur = δm ≈ 68.3 MeV in Eq. (66) (also see Ref. [72] ) successfully predicts the pion mass at m π = 2 δm = 136.6 MeV in Eq. (67) .
Moreover,m cur is sometimes called the current mass via neutral PCAC (for a review, see Ref. [58] ). Using quark structure functions, one predicts the pion mass (squared) as
for m π ± ≈ 139.57 MeV, invoking the spectator-helicity rule [67] . Note from Eqs. (68) 
taking m dyn ≃ 313 MeV as in Sec. VI. Alternatively, we can take the baryon d/f ratio or structure-function integrals as [67] 
In fact, the spectator-helicity rule [67] is slightly altered to (using squared baryon masss as in Eq. (71), rather than thef u = 7.9, . . . as found in Eq. 39 of Ref.
[67])
Note that the latter ratio is compatible withf d /f u = 0.64 in Eq. (71), and the latter sum implies the JaffeLlewellyn-Smith form [74] for the current quark mass (squared) iŝ 
from the PCAC K-to-π ratio [72] , for m
from the light cone [75] , and
from [72] 
as found in Refs. [76] . Note that all three vanish in the CL, with m 2 π → 0. To obtain the chiral-broken η 8 mass, we invoke the Gell-Mann-Okubo (GMO) value (see also Eqs. (A23)) (81) is about 2.8% greater than m η , similar to the 3% GTR discrepancies in Sec. V, but much lower than the 6.7-8.2% ChPT predictions in Eq. (43) . Moreoever, folding the GMO relation into the three meson σ terms of Eq. (80), one finds 3σ η8η8 − 4σ KK + σ ππ = 0, as anticipated in Eqs. (80) and (81) , giving a consistent pattern (3/3) − (4/2) + 1 = 0.
VIII. GROUND-STATE SCALARqq NONET
It is well-known and commonly accepted that there exists (within a U (3) × U (3) flavor scheme) a nonet of pseudoscalar mesons (π(137), K(496), η(548), η ′ (958)) that play the role of Goldstone bosons associated with ChSB. What is not so well-known and accepted is that there is also experimental evidence [1] for a corresponding light scalar-meson nonet [7, 77] f 0 (600) (σ), K * 0 (800) (κ), f 0 (980), a 0 (985). The members of the latter nonet, being much too light to be accomodated as naive (unquenched) quark-model states, are rather to be interpreted as the chiral partners (see e.g. Ref. [24] ) of the former pseudoscalar mesons. In this spirit, it is useful to define the following field matrices S(x) and P (x), for U (3) × U (3) flavor nonets of scalar and pseudoscalar mesons, respectively:
(82) For later convenience, we also define
The still somewhat controversial status of the lightest members of the ground-state scalar-meson nonet, namely the σ(600) and the κ(800), is due to both experimental and theoretical difficulties. On the one hand, the amplitudes in elastic ππ and Kπ scattering rise very slowly from threshold upwards, due to nearby Adler zeros [78, 79] just below threshold. On the other hand, the theoretical description of light scalar-meson resonances turns out to be quite cumbersome, owing to the large unitarization effects, which demand a manifestly nonperturbative treatment.
In a field-theoretic framework, the most efficient and obvious approach to the light scalars is indubitably the QLLσM [23, 25, 27, 42] , which contains from the outset -contrary to e.g. QCD -all the relevant (experimentally observable) degrees of freedom, i.e., quarks as well as scalar and pseudoscalar mesons. Moreover, already at tree level important nonperturbative features of strong interactions are included. The interaction Lagrangian of (anti)quarks and (pseudo)scalar mesons in the QLLσM is given by L int (x) = √ 2 gq(x)(S(x) + iP (x) γ 5 )q(x), with g the strong coupling constant given by |g| ≃ 2π/ √ 3, as follows from one-loop dynamical generation [23, 80] . By integrating out (anti)quarks, the QLLσM Lagrangian can be converted into an effective U (3) × U (3) LσM meson Lagrangian displaying strong similarity with the well-known "traditional" U (3) × U (3) LσM Lagrangian [21, 22, 27, 81, 82] , briefly summarized in Appendix A.
The QLLσM (without (axial-)vector mesons) in the CL (m 
withm CL = 313 MeV, m CL s = 1.44×m CL = 450.72 MeV. Beyond the CL, the leading contributions to the scalarmeson masses due to quark loops will lead to expressions equivalent to Eqs. (83) (84) (85) , but now with non-CL quark masses, i.e. (see e.g. Ref. [25] ), 
Of course, the latter mass predictions are still subject, in principle, to further corrections stemming from nonzero pseudoscalar-meson masses, as can be seen from Eqs. (A9-A12) predicted by the "traditional" LσM approach discussed in the Appendix. However, as noticed there, several uncertainties persist within such a formalism, which make it hard to establish a one-to-one correspondence with the more straightforward QLLσM.
Comparing now with the experimental scalar-meson masses, we see that the non-CL QLLσM results do a very good job. Starting with the σ meson, the PDG tables [1] very cautiously list the f 0 (600) with an extremely wide mass range of 400-1200 MeV, but giving a large number of recent experimental findings or analyses tending to converge around a typical mass value of about 600 MeV. Also theoretical coupled-channel models reproducing the corresponding S-wave ππ phase shifts and accounting for a low-lying σ pole lead to similar predictions. For instance, the unitarized model of Ref. [77] found a pole at (470 − i × 208) MeV, with a peak mass around 600 MeV. More recently, the ππ → ππ, KK analysis in Ref. [28] found an even broader σ pole, with a real part of 570-600 MeV, referring to the σ as the "f 0 (665)". Although the precise mass to be attributed to a broad resonance is always model-dependent, the latter results are fully compatible with the value 2m ≃ 675 MeV of Eq. (86), or the more realistic value 630.8 MeV of Eq. (89).
As for the I = 1/2 scalar κ meson, seemingly doomed not so long ago [85] , despite our old theoretical predictions [7, 77] , it was first experimentally rehabilitated by the E791 collaboration [86] , providing a mass value of
This is to be compared to 810 MeV from Eq. (88), 800 MeV from Refs. [7, 87] , as well as the pole positions (727 − i × 263) MeV [77] and (714 − i × 228) MeV [88] . Note that the latter two coupled-channel model calculations both give a peak cross section around 800 MeV. On the other hand, a very recent analysis [89] of Kπ data from different high-statistics experiments yields the pole position
As a final remark on the κ, we should stress the importance of unitarization [82, 90] effects, which are capable of e.g. shifting the Lagrangian mass parameter in Eq. (A13) from 1128 MeV to a pole value of ∼700-800 MeV, besides dynamically generating extra states [77, 88, 91] . However, in the latter reference, the authors introduce by hand a rather unphysical Adler zero, which apparently moves the dynamically generated κ pole far away from the physical region [79] . Next we discuss the f 0 (980). The mass of (980 ± 10) MeV listed by the PDG [1] is entirely compatible with the above values of 972 MeV and 1001.3 in Eqs. (87) and (90) Concerning the a 0 (985), the coupled-channel approach of Ref. [77] , which includes the crucial ηπ and KK channels, predicts a reasonable pole mass of (968 − i × 28) MeV, to be compared to (1036 − i × 84) MeV in the experimental analysis in Ref. [89] . As already noted in Ref. [25] , we consider the approximate mass degeneracy of the a 0 (985) and f 0 (980) purely accidental, even though the theoretical situation in a QLLσM/LσM framework is still unsettled, due to the apparent relevance of meson loops [25] . Namely, were we to neglect meson contributions to the a 0 (985) mass in Eq. (A9), then it would be approximately degenerate with the σ n . On the other hand, if we simply evaluate Eq. (A9) withm = 337.5 MeV, ξ = 1, and φ P = (41.2 ± 1.1)
• [82, 92] , we obtain a surprisingly accurate mass prediction of 1012 MeV. The more realistic coupling ratio ξ = 0.9064 (see our discussion in the Appendix) would even imply m a0 = 990 MeV.
An alternative, more empirical way to estimate scalarmeson masses is by using quadratic mass differences motivated by the IMF. The resulting equal-splitting laws have a remarkable predictive power (see e.g. Ref. [25] , Appendix C), being fully compatible with the foregoing QLLσM predictions.
While these σ n (675), κ(810), σ s (972), a 0 (985)qq scalars are in agreement, to a very good approximation, with the QLLσM theory, even without unitarization, one-loop (non-unitarized) ChPT is not compatible with a specific LσM, as shown in Appendix B of Ref. [38] . Therefore, non-unitarized ChPT is at odds with the entire ground-state scalarqq nonet 2 , as summarized in this section, if indeed the LσM of Ref. [38] possesses similar properties as the QLLσM discussed above.
IX. I = 0 ππ SCATTERING LENGTH
Using the LσM, PCAC, and crossing symmetry, Weinberg originally predicted [33] for the I = 0, J = 0 ππ scattering length
for m π + = 139.57 MeV, f π ≃ 92.42 MeV [1] . Stated slightly differently, and following V. de Alfaro et al. (see Ref. [19] ), when working at the soft point s = m 2 π , one sees that the net ππ amplitude "miraculously vanishes" (via chiral symmetry), i.e., 
with
so that the I = 0 S-wave amplitude 3A+B +C generates a 23% enhancement of Eq. (93):
2 Very recently [15] , Roy equations have been used to extract a σ pole from low-energy ππ scattering data, in the framework of ChPT. However, the given pole position, especially the claimed very small error on it, is highly questionable in view of the neglect of the KK channel.
for (97) is compatible with the recently measured (K e4 ) E865 data [94] a 00 = 0.216 ± 0.013 m π , using Roy equations instead of the LσM. But we suggest Eqs. (93) (94) (95) (96) (97) tell the whole LσM story (and ChPT with very many parameters adds nothing new). We would like to stress that -even though Eq. (97) has been derived without taking into account t-channel vector-meson-exchange contributionsthe result will change at most very slightly when including such contributions, as they are "chirally shielded" in I = 0 S-wave ππ scattering close to the ππ threshold, due to the presence of an extra contact term [95] .
It is worth pointing out that Weinberg's result Eq. (93), amounting to leading-order non-unitarized ChPT, is obtained from the LσM result Eq. (97) by taking the limit m σ → ∞. This limit essentially implies a nonlinear -σ-model framework, which unfortunately has been dominating theoretical descriptions of ππ scattering during the past three decades, despite its technical complications, deviations from experimental data, and the mounting experimental evidence for a light scalar-meson nonet.
Assuming that the S-wave process γγ → π 0 π 0 proceeds via an intermediate σ resonance (γγ → σ → π 0 π 0 ), with m σ ≃ 700 MeV, Ref. [96] anticipated that the cross section would be very small (< 10 nb). In fact, this was later confirmed [97] with Crystal-Ball data. Then, in 1991, Ref.
[98] studied a 1 → π(ππ) S-wave , and used the Dirac identity
to verify that the sum of the quark-box and -triangle diagrams vanishes. The same holds for γγ → σ → π 0 π 0 [99] . The amplitude for the latter process would even vanish exactly in the CL. In the QLLσM, this "chiral shielding", already mentioned above, has been manifestly built in. However, already in the abstract of the 1993 ChPT paper Ref. [100] , it was stated that "the one-loop [ChPT] computation does not fit data, even close to threshold, because unitarity effects are important, even at very low energies". In effect, the latter authors were arguing to unitarize ChPT, which later turned out [14, 15] to reinstate the broad σ pole, and presumably even recovers the QLLσM theory. But then the nonperturbative effects of the σ meson with a finite mass would have to be taken into account, too, in contrast with non-unitarized ChPT briefly discussed at the end of Sec. IX.
Then, in 1999, Ref. [101] suggested data leads to a σ → γγ decay rate Γ(σ → γγ) = (3.8 ± 1.5) keV .
Since this rate is given by m 3 σ |M σ→γγ | 2 /64π, for m σ = 650 MeV the amplitude magnitude equals [25] |M σ→γγ | = (5.3 ± 1.0) × 10
In fact, the LσM amplitude is (assuming here for simplicity a purely nonstrange σ meson)
(102) Here, the dominant first term is the quark-loop analogue of the well-known π 0 → γγ amplitude, while the small second term is due to meson loops [102] . Note the excellent agreement between experiment and LσM theory (compare also the conclusions of Refs. [103] ).
XI. SUMMARY, DISCUSSION, AND CONCLUSIONS
In the present paper, we have presented a side-byside comparison of the QLLσM and standard ChPT, in the context of pion ChSB, on the respective capability to reproduce a large variety of low-energy observables and other results. Concretely, we have reviewed the pion and nucleon sigma terms, pion and kaon charge radii, Goldberger-Treiman relations and discrepancies, the effective current quark, pion and nucleon masses, the ground-state scalarqq nonet, the I = 0 ππ scattering length, and the process γγ → π 0 π 0 . In all cases, the QLLσM was shown to be clearly superior, in predictive power as well as simplicity.
While these results should leave no doubt about the preferable scheme to make predictions in low-energy strong-interaction physics, many people in the field will still object by claiming -with inconclusive proof [38] and also ignoring very serious convergence problems [104] -that ChPT is low-energy QCD, while alleging that the LσM is just a model or even "unrealistic" [38] .
However, besides its demonstrated [54] linkage with infrared QCD, the QLLσM is a good candidate for a theory of strong interactions at high energies as well [105] , fulfilling the requirement of asymptotic freedom, and displaying the same symmetries as QCD. This suprising conclusion is the consequence of recent developments in mathematical physics, proving that a meaningful quantum theory, with a bounded real spectrum, probability interpretation, and unitary evolution, is not restricted to Hermitian Hamilton operators only. Instead, the Hermiticity constraint can be relaxed to a weaker one, called PT symmetry [106] [107] [108] [109] , i.e., symmetry under parity and time-reversal transformations. This opens up the possibility [110] to construct an asymptotically free theory of strong interactions on the basis of non-Hermitian Hamilton operators, not necessarily relying upon non-Abelian gauge fields, yet with properties similar to QCD at high energies. At first sight, the idea of allowing complex coupling constants in the QLLσM may seem far-fetched. However, the upshot is that the bulk of the predictions of the QLLSM does not depend on the (non-) Hermiticity of the Lagrangian, whereas certain observables can only be understood if the quark-meson coupling is taken (close to) imaginary. This might also provide a clue why quarks are not observed on mass-shell at low energies, which is supported by very recent DSE [111] and lattice [112] calculations. As an example of a process requiring a non-Hermitian QLLSM Lagrangian, consider the experimentally measured negative transition-form-factor ratio f [1] , characterizing the semileptonic decay K + → π 0 e + ν e , which can only be reproduced with an imaginary coupling [80] .
The obvious advantage of describing strong interactions with a generalized QLLσM theory is its similarity [113] with the mechanism for spontaneous symmetry breaking in the electroweak sector. This allows to treat strong and electroweak interactions in many hadronic processes on an equal footing, and with a minimum of parameters, in sharp contrast with ChPT. For instance, the just mentioned decay K + → π 0 e + ν e is then dominantly described by a W -emission graph and a κ-exchange diagram [80] . From a more fundamental point of view, the manifest finite divergence of the axial vector current underlying the QLLσM theory displays an instability of the effective action describing strong interactions in the phase of broken chiral symmetry. It yields an instability of strongly interacting Goldstone bosons of ChSB like the pion due to electroweak decays. Nevertheless, the sum of the effective actions describing strong and electroweak interactions must be stable. This imposes rigid constraints on the overall sum of one-point functions, which will intimately relate the parameters of strong and electroweak interactions to one another.
To conclude, it seems amazing that the Higgs scalar of the SMPP, with an estimated mass of order 10 5 MeV, takes responsibility for the tiny nonstrange current quark masses and the ensuing nonvanishing pion mass, while the scalar σ meson with a mass of about 5 × 10 2 MeV spontaneously generates considerably heavier dynamical quark masses, moreover in such a way that the sum of the nonstrange current and dynamical quark masses, i.e., the constituent quark masses, make up in the end practically all of the proton's mass. Thus, let us make ours the words of E. Farhi and R. Jackiw in the introduction of Ref. [114] : "However, regardless of the source for weak-interaction symmetry breaking, the Goldstone boson which is the longitudinal component of the weakinteraction vector meson has a small ≈ f π /300 GeV admixture of the QCD pion, and the physical pion has a small admixture of the weak-interaction Goldstone boson." The Lagrangian of the "traditional" U (3) × U (3) LσM before spontaneous symmetry breaking is given by [21, 22, 27, 81, 82] 
with Σ ± (x) ≡ S(x) ± iP (x) (see Eq. (82)). It is convenient to define also
Scalar and pseudoscalar meson masses are then determined after (isospin-symmetric) spontaneous symmetry breaking
, and
where σ = σ n cos φ S − σ s sin φ S , f 0 = σ n sin φ S + σ s cos φ S , and η = η n cos φ P − η s sin φ P , η ′ = η n sin φ P + η s cos φ P . On the basis of Eqs. (A2) and the GTRs f π g =m and f K g = (m + m s )/2, it is straightforward to derive the LσM predictions
Inspired by the important relation λ/g 2 ≃ 2, which was obtained by Delbourgo and Scadron [23] on the basis of one-loop dynamical generation of the QLLσM, we define the coupling ratio ξ ≡ λ/(2g 2 ) ≃ 1, which allows us, also using Eq. (A3), to write Eqs. (A5-A8) in the more convenient form
Note that Eqs. (A2) unambiguously imply for the mass parameter of the κ meson in the
with f K /f π ≃ 1.22, and the isospin-averaged masses m π = 138.0 MeV, m K = 495.0 MeV. Note that, as hinted already in Sec. VIII, unitarization will then split such a single "bare" κ state into the pair of physical resonances κ(800) and K * 0 (1430) [88] . Nevertheless, employing the value for m κ from Eq. (A13), we may use Eq. (A12), m η = 547.75 MeV, m η ′ = 957.78 MeV, and m s = 1.44 ×m to determine the pseudoscalar mixing angle φ P as a function ofm:
The next step is to determine the scalar mixing angle φ S as a function ofm and some given value of the coupling ratio λ ′ /λ (which is experimentally known to be very small [82] ), via the identity 
The importance of the aforementioned "traditional" U (3) × U (3) LσM lies in the fact that it has many features of a yet to be determined effective action, constructed on the basis of the QLLσM by integrating out quarks and disregarding vector and axial-vector mesons. Furthermore, it provides a mechanism that simultaneously -and almost quantitatively -explains mixing for pseudoscalar as well as for scalar mesons. Empirically we notice that the model, with its limitations (no (axial) vector mesons, no two-loop effects), prefers a coupling ratio ξ ≃ 0.9064, for X −1 = m s /m = 1.44 andm = 337.5 MeV, in order to match the experimentally favored value φ P = (41.2 ± 1.1)
• [82, 92] (compare also to Refs. [115] and [116] , for newer and older experimental/theoretical findings for φ P , respectively), and φ S ≃ (−18 ± 2)
• [84, 117] . On the other hand, the one-loop-generated value ξ = 1 implies, by the same token, rather small, almost chiral-limiting quark-mass values. In contrast with the theoretical uncertainties in φ S stemming from the mentioned limitations of the "traditional" U (3) × U (3) LσM, there is at least one way to justify, in a quite model-independent fashion, the theoretical predictions of the "traditional" U (3) × U (3) LσM for φ P , to be explained next.
We recall the pseudoscalar mass matrix of η n and η s , the diagonalization of which led to Eqs. (A3) and (A14):
(A18) For (β + 2λb
2 )(1 − X) 2 = 0, this reduces to the mass matrix
motivated and discussed in Refs. [117] [118] [119] , the diagonalization of which implies in a "model-independent" way:
Notice that this φ P is fully compatible with the optimal experimental value of (41.2 ± 1.1)
• . Recalling now the definitions η 0 ≡ (η uū + η dd + η ss )/ √ 3 and η 8 ≡ (η uū + η dd − 2η ss )/ √ 6, we conclude, using Eqs. (A19), (A20), (A21), and (A22), with the following "modelindependent" predictions: We thus learn that the "traditional" U (3) × U (3) LσM -despite its success in describing mixing angles -cannot be (without changes e.g. in the 't Hooft determinant, or further extensions like the inclusion of (axial-)vector mesons) the effective U (3)×U (3) meson LσM that would result from the QLLσM by integrating out quarks. Fortunately, we know that the mass matrices Eq. (A18) and (A19) describing the η − η ′ system are rather insensitive to likely changes. Hence, their predictions remain reliable even in the CL, where they reduce to [117] [118] [119] 2β
with eigenvalues (m 
